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1. Let S, be the group of all permutations of the set {1,2,--- ,n} and let
o € S,. Describe the permutation matrix M, attached to o. Prove
that the map o — M, gives a homomorphism of groups S,, = GL,(Z).

(545 marks)

2. Let p be a prime integer and I' = I, be the finite field with p elements.
a)What is the cardinality of a vectorspace V' of dimension n over F'?7
b)What is the total number of bases of the above V7

c)Let M, (F) be the set of all n x n matrices with entries from F' and
let det : M,(F) — F be the map which associates to a matrix it’s
determinant. Show that this map is onto.

d)Prove that all nonzero values of the det map above is taken the same
number of times. What is this number?

(3+4+3+5 marks)

3. a) Describe all real vector subspaces of R® and justify your answer as
to why these are all the subspaces.

b) Prove the set of all polynomials in one variable x with real coefficients
is not a finite dimensional real vector space.

¢)True or False: The set of all non-invertible n X n matrices over any
field F' is a vector subpsace of all n x n matrices over F.

d)Let A € M, (C) be a n x n hermitian matrix, i.e. a;; = @;; for all
1, 7. Show that the hermitian matrices form a real vector space, find a
basis for the space and determine it’s dimension.  (44+4+3+6 marks)

4. Let A be a m X n matrix and B a n X m matrix over a field F' such
that AB = I,, and BA = I,,. Prove that n = m. (8 marks)



